We develop theoretical and numerical tools for the quantification of entanglement in systems with continuous degrees of freedom. Continuous variable entanglement swapping is introduced and based on this idea we develop methods of entanglement purification for continuous variable systems. The success of these entanglement purification methods is then assessed using these tools.
INTRODUCTION
Recently the theoretical idea of teleportation in systems with continuous variables has been developed [1] [2] [3] [4] and shortly afterwards demonstrated by Furusawa et. al. [5] . The efficiency of entanglement manipulation protocols critically depends on the quality of the entanglement that one can generate. It is therefore essential firstly, to be able to quantify the amount of entanglement in systems with continuous variables and secondly, to develop methods of entanglement purification that allow the distillation of entanglement by local means in such systems. The present paper provides answers to both of these essentials.
Most analysis of entanglement in continuous variable systems relies on expressing the state of the system in terms of some discrete but infinite basis, often with mathematical techniques from quantum optics [3, 6] . In this way the above procedures can be demonstrated and the entanglement quantified. Such analysis is convenient but not necessary for the theoretical description of these processes. However, for quantifying entanglement it is essential.
In pure finite bipartite systems the Schmidt basis of a particular system is useful, particularly because its coefficients allow us to calculate the entropy of entanglement [7] . In this paper we will first describe how such a basis occurs in continuous systems from the mathematical area of integral eigenvalue equations and how the entanglement can be calculated from it. We then present two classes of continuous entangled states and calculate their entanglement using a numerical solution from statistical mechanics [8] .
Purification is the process by which the entanglement in a bipartite state shared between two spatially separated parties (Alice and Bob) can be increased using only local operations and classical communication [9] . There are many methods of achieving this for discrete pure systems such as the Procrustean method [7] (for one copy of the bipartite state) and using entanglement swapping [10] (using two copies of the bipartite state one of which is not shared). So far it has not been shown that any of these procedures have a continuous analogue which is able to purify an entangled state.
Here we will show that a continuous generalization of an entanglement swapping procedure using the continuous controlled-NOT and Hadamard gates introduced by Braunstein [11] is able to produce purification in one of our two classes of continuous entangled states.
Section I first presents necessary mathematics from integral eigenvalue equations in the context of continuous quantum mechanical systems. Section II gives two quantum gates and presents the two classes of entangled states. The calculation of the entanglement is attempted analytically as for as possible in section III and the numerical procedure is presented and used where necessary. In section IV entanglement purification is attempted and validated using the techniques developed in the previous section, and finally conclusions are given in section V.
I. PRELIMINARY MATHEMATICS
In this section we present some of the mathematical tools that are used in this paper for the description of continuous variable systems. For continuous states we can express a pure bipartite system as
where |x are the eigenstates of the continuous system (position, say). We wish to find the Schmidt basis for the bipartite system for which either partial density operator of the system, e.g.
is diagonal. All the necessary mathematics is covered in the area of integral eigenvalue equations [12] : so suppose that we wish to find the eigenvalues of the kernel ρ 1 , that is, we wish to find φ i (x)'s such that
where λ i is the eigenvalue corresponding to φ i (x). For Hermitian kernels (for which ρ * 1 (y, x) = ρ 1 (x, y)) the eigenvalues are real and the set of eigenfunctions will be linearly independent, complete and also orthogonal
A special class of kernels are those which are quadratically integrable:
where the ranges may be finite or infinite. These are called L 2 kernels as they are integrable over the L 2 space. Some basic properties of Hermitian L 2 kernels are:
• they have infinitely many non-zero eigenvalues or are PG (Pincherle-Goursat) kernels, ones which can be decomposed into the form
where {X i (x)} and {Y i (y)} are two linearly independent sets of functions.
• Their eigenvalues have no accumulation points, i.e. the eigenvalues do not form a continuous set, except at zero.
• The set of eigenvalues converges in the following ways
where
and further powers of ρ 1 can be obtained by induction.
• A Hermitian L 2 kernel can be written as the expansion
(where the φ i (x) are normalised to the square modulus) or the kernel is PG when there are only n terms, with n as in equation (6).
We see from the above that for Hermitian L 2 kernels we can always find a diagonal Schmidt decomposition into an orthogonal basis given by the kernel's eigenfunctions. The dimension of this basis therefore depends on the number of linearly independent eigenfunctions the kernel possesses.
The measure of entanglement for a pure bipartite system is now easily generalized to continuous variables and is just the Von Neumann entropy of either partial density operator of the system [7] 
the number of terms in the sum depending on the form of ρ 1 or ρ 2 . We will call this the entropy of entanglement or just the entanglement. Properties such as concavity, subadditivity, strong subadditivity and the triangle inequality also follow for this measure of entanglement as they do its finite partner [13] provided the relevant quantities converge when we deal with infinite systems. The invariance under unitary transform of the subsystems can also be proved, where the transform is of the form
with
Transforming the subsystems independently
and tracing out system 2 gives
as the trace is invariant under unitary transform. It can then be shown that ρ 1 has the same eigenvalues as ρ 1
but its eigenfunctions are related to those of ρ 1 by
These mathematical techniques, particularly the latter method of showing the equivalence of eigenvalue equations by transforming the eigenfunctions, will be used in the next sections to determine the amount entanglement in continuous variable systems.
II. QUANTUM GATES AND CLASSES OF ENTANGLED STATES
We now turn to some classes of entangled states in continuous systems, which will be a convenient point to introduce two quantum gates generalized from discrete gates [11] . The first is the continuous Hadamard transform which is in fact just the Fourier transform, and in which we will include the scale length, σ, explicitly:
This is also, of course, the transform used to go from the position to the momentum basis if we set σ = 1 and work in unitsh = 1/2. The inverse, F † is obtained by replacing i by −i giving the result that FF † |x = F † F |x = |x . Note that the scale length, σ, is normally inserted to make the expression in the exponential dimensionless but we will include it as a convenient scale with which to compare various lengths in the states we are about to form.
The second important gate is the two particle controlled-NOT gate:
which is not its own inverse. This is obtained by replacing the + with a − sign on the right hand side.
Another version of the controlled-NOT, which is its own inverse, is
This is a more symmetric gate and is in fact the transform produced by a 50:50 beam splitter on the quadrature wavefunctions in quantum optics [6] . However, we will proceed with the original definition of the CNOT for simplicity (primarily of mathematics). We can now define the 'entangling' operation and its inverse:
and form our first class of entangled states by applying E to two Gaussian wavepackets (aside from normalisation):
and |G β (x 2 ) 2 , resulting in the state
Such states can be used to demonstrate teleportation of an unknown state, the fidelity of the teleportation increasing as α and β → 0, where the state becomes like an infinitely squeezed two mode squeezed state or an EPR state [14] . We will call the states |B αβ (x 1 , x 2 ) 12 partially correlated entangled states.
The second class of states we will call two-mode cat states [15, 16] , as they are states which are like two Schrödinger cat states whose locations are correlated with each other quantum mechanically:
The complex coefficients, A j , are such that |A 0 | 2 + |A 1 | 2 = 1 (so the state is not normalised correctly). This state is a superposition of the first particle being located around d and the second around −d and vice versa and so is not of great use in teleportation. The scale length does not appear here (it is set to unity) as an increase in scale length is equivalent to a decrease in the value of d.
It is now natural to ask what the amount of entanglement in the states |B αβ (x 1 , x 2 ) 12 and |C(d) 12 is, which is the aim of the next section.
III. QUANTIFICATION OF THE ENTANGLEMENT A. Mathematics
We will now proceed in calculating the entanglement of the first class of states, |B αβ (x 1 , x 2 ) 12 . We have already shown that the entanglement should be equal when calculated using either partial density matrix (from the fact that a Schmidt basis exists) but we will show this explicitly by showing that the eigenvalue equations they give can both be transformed into the same eigenvalue equation. The two eigenvalue equations are
We can now recast the eigenfunctions of equation (24):
thereby absorbing the complex exponential into the eigenfunctions. Next we perform the following change of variables in equation (24)
and in equation (25) x → x 2(α 2 β 2 + 1)βσ
These changes of variables are the same for both dashed and undashed variables so this change can be absorbed into the eigenfunctions. All these changes leave the set of eigenvalues unchanged and give the same eigenvalue equation:
where K(x, x ) is the Kernel of our integral eigenvalue equation. Its trace is
The set of eigenfunctions are of course independent of any normalisation constant but we will find that this constant is our primary check for the convergence of the numerical solution that follows in that the eigenvalues should sum to this constant as in equation (7). More importantly we notice that the eigenvalues are independent of the scale length, σ, and the value of x 1 or x 2 . It is only dependent on the product of widths of the original Gaussian distributions with respect to σ.
The two particle cat state has partial density operator (aside from normalisation)
which is not easily transformed into a simpler form. Its trace is
This, again, will be our primary check for convergence of the numerical model that follows.
B. Numerical procedure for partially correlated states
We cannot solve many of the integral eigenvalue equations we encounter so we must use some numerical approximation [8] . The most direct approach is to solve a discrete eigenvalue equation by approximating the integral by the rectangle rule. Our eigenvalue equation has infinite limits so there must also be a cut-off point in the limits beyond which we do not approximate the integral.
First, therefore, we discretize the eigenvalue equation (29) into 2n + 1 parts (i = −n . . . , 0, . . . n) each of width δ covering the range −w ≤ x ≤ w where w = nδ. Our eigenvalue equation then becomes
where the indices now denote particular matrix and vector elements (rather than particular eigenvectors) and for the Bell states
Our entanglement measure is then
where the outer sum is over the set of eigenvalues and the sums over s and t are to normalise the set of eigenvalues.
As mentioned above the primary check for the convergence of this solution is to compare λ with equation (30). We have two independent parameters that we may vary (at each value of α and β) out of the three related parameters n, δ and w. In practice for most values of α and β, 2n+1 = 201 and w around 10 standard deviations from the mean were sufficient for this sum to be equal to the trace accurate to 5 significant figures, this accuracy becoming greater with increased n and decreased δ.
We can see that what we are effectively doing in this procedure is sampling the spectrum of eigenvalues of the density operator over discrete ranges of width δ by modelling the continuous system as a discrete 2n + 1 level system and taking the limit n → ∞. With the above convergence of the model we can be confident that both an adequate range of the integral has been sampled and that it has been sampled to an adequate precision.
We used numerical procedures for eigenvalue problems from the NAG library to solve this problem for varying values of α and β. The results are shown in figure 1. As we expect the entanglement is increased when the parameters α and β are reduced, becoming infinite as these parameters approach zero, as will be shown in the next section. At this point it becomes harder to see convergence in the numerical procedure.
C. Analytical results for partially correlated states
We can now be even more general than this: we see that the form of the eigenvalue equation (29) is
with the entanglement being decreasing with increase in the parameter P . In fact, a state of the form exp −ax 2 − by 2 + 2cxy + dx + ey |x |y dxdy (37) has a parameter
independent of d and e, which can be shown by making appropriate linear changes of variables x → Ax + B and 
which is the Schmidt basis for this state and from this the entanglement can be calculated as
It is reassuring to note that the above simulation can reproduce this analytical result accurate to 6 significant figures. More importantly we now have an analytical result for the entanglement of the partially correlated states which is equation (42) with the substitution 2r = arcsinh(1/αβ), which follows directly from equation (40).
D. Numerical procedure for two-mode cat state
Now we move on to the entanglement of the cat states. The eigenvalue equation for these cannot be rewritten in terms of the parameter, P , so we proceed directly by discretizing the density operator of equation (31) Note
where the separated Gaussians become orthogonal. Note also that only two eigenvalues dominated the contribution to the entropy, although we do not expect these states to be written in some basis as a two level system. These states, therefore, behave very much like discrete 2-level entangled systems.
IV. PURIFICATION
Now that we have a reliable method of calculating the entanglement we will move on to attempt entanglement purification in the two classes of states. The first point to note is that purification is always possible for such states as we can just make a measurement, one of the results of which is a projection onto the two levels of the Schmidt basis with the largest Schmidt coefficients. After this we can then perform discrete purification to obtain highly entangled two level states which may have higher entanglement that our original continuous state. However we wish to work more in the spirit of continuous systems using continuous operations and producing continuous entangled states.
Again we generalize a purification procedure from discrete systems. The one we have chosen is purification by entanglement swapping [10] . In the discrete case Alice and Bob share an entangled state and Bob holds another copy of the same entangled state as in the upper part of figure 3 . Bob performs entanglement swapping by making a Bell state projection on one particle from each pair of entangled particles. This leaves the remaining two particles (one on Bob's side and one on Alice's) in an entangled state. If the original entangled state were maximally entangled then the final pair will also be maximally entangled. This is the standard entanglement swapping procedure [17] . If the original state was less than maximally entangled then the entanglement of the final pair will, for certain measurement outcomes, be less entangled than the original states, but for the remaining outcomes, will be maximally entangled. This procedure is, therefore, probabilistic as there is dependence on the outcome of these measurements. Entanglement swapping has also been recently achieved independently in continuous variable systems [18] .
Alice Bob final initial
Bell state projection   FIG. 3 . The entanglement swapping procedure. Bob, holding a copy of the entangled state shared by himself and Alice, performs a Bell state measurement on a particle from each pair and, for certain measurement outcomes, the entanglement of the final shared pair is higher than that of the initial shared pair.
A. Imperfectly correlated states
We will attempt the analogous procedure here except that the Bell state measurement will be replaced by a reverse entangling operation E † and projective infinite resolution measurements on the two particles.
The procedure for the partially correlated Bell state is
Has the entanglement increased? First notice that from equation (38) the entanglement does not depend on a or b and so is not probabilistic. This indicates that the entanglement cannot have increased otherwise we would have deterministic purification. Indeed this is true as the parameter for this state is P swap = 2[(α 4 +α 2 β 2 +1)(β 4 + β 2 α 2 + 1) − 1] whereas before the swapping process the parameter was P 0 = 2α 4 or 2β 4 . But P swap ≥ P 0 in either case and the entanglement is strictly decreasing with increase in P so the swapped pair has less entanglement.
Of course, our final projections in this method were onto the unphysical states |a and |b but further calculations indicate that with finite width projections the parameter P still increases. Such calculations involve 6 th degree polynomials in the width parameters (α and β etc.) so proving that P increases for all values of these parameters is difficult and we have not been able to do so analytically. However, graphical results indicate that this is true.
B. Two-mode cat states
We now attempt a similar method with the two-mode cat states, but setting the scale length σ = 1 and making finite resolution measurements:
Writing this state out in full in the high precision measurement limit, µ = 0
and looking at the particular case where the probabilistic measured values are a = b = 0 we can see purification for high values of d as the middle two terms now dominate and have equal coefficients. As d → ∞ they become maximally entangled. This is again very much like the action of discrete entanglement under purification procedures: the coefficients of the states have changed not the states themselves. The horizontal planes are at the level of entanglement of either cat state before the purification procedure is performed, that is, above this plane purification has been achieved. Notice that purification is achieved above the level of entanglement of the initial cat state of equation (23) with parameters A 0 = √ 0.5 and d = 1.0 for which E = 0.881.
V. CONCLUSIONS
We have shown that the usual measure of entanglement for pure bipartite discrete systems is easily generalized to continuous systems with knowledge of the mathematical area of integral eigenvalue equations, in particular that a Schmidt basis exists provided the state satisfies certain reasonable conditions of integrability. The calculation of the entanglement, however, is often difficult so a numerical procedure was necessary. The results of the numerical procedure corresponded very well with those of analytical results where these were available and enabled us to test a purification procedure, the entanglement swapping procedure, for the two classes of states we presented.
Curiously this procedure only succeeded for one of the classes of states, the two-mode cat states whose characteristics are very much like those of discrete systems, although there does not appear to be a discrete and finite basis in which the states can be written. The purification procedure also acted in a similar manner to the analogous discrete procedure.
For the other class of states, the partially correlated states, no continuous procedure could be found that increased the entanglement in the state, indeed, no procedure was found where the entanglement of the final state was in any way dependent on the measurement results during the procedure, reassuring us that no purification would be possible. However, we plan to study this problem more carefully.
What exactly the key difference is between these two types of states which allows purification in one class but not the other is still unclear. There are obvious correspondences between the form of entanglement in the two mode cat states and discrete systems and it would be interesting to find a condition for continuous variable purification, as it has been attempted here, which a state undergoing purification must obey. The fact that purification has been demonstrated, however, in continuous systems is an interesting result.
